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ABSTRACT 


. that  many,  a  priori  distinct,  problems  of  homogenization  includ- 

rV 

ing  the  cAse  of  rapidly  oscillating  potentials  fcf  i  Deiiaspussaii 

t 

<1  in  Ti'Lmis  and  Papaiiluulau  can  be  studied ,  and  the  limit  problem 

computed,  in  a  unified  way,  through  general  compactness  and  convergence 
results  for  sequences  of  functionals  of  calculus  of  variations,  the 
convergence  notion  is  taken  in  variational  sense,  more  precisely 
the  notion  of  (^-convergence  introduced  by  De-Giorgii [4] . 
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SIGNIFICANCE  AND  EXPLANATION 


In  Mechanics,  Physics >  Chemistry  it  occurs  frequently  one  has  to  study 
a  boundary  value  problem  in  media  with  periodic  structure.  When  the  period  of 
the  structure  is  small  compared  to  the  size  of  the  domain  in  Which  the  system 
is  studied,  a  microscopic  description  of  the  system  is  difficult,  but  one 
might  expect  to  get  a  good  macroscopic  description  of  the  system  by  making  the 
period-parameter  go  to  zero  in  the  equations  which  describe  it.  This  type  of 
process  is  called  "homogenization". 

When  the  equations  have  a  variational  formulation;  for  example,  when  the 
solution  u£  of  the  microscopic  problem  (with  period  e)  minimizes  a  func¬ 
tional  F£  (which  is  in  general  related  to  the  "energy"  of  the  system)  over 
a  space  X  (the  boundary  conditions  are  included  in  X) ,  one  looks  for  a 
limit  functional  FQ  such  that  u,  the  iimit  of  u^,  minimizes  FQ  over  X. 
We  can  say  that  FQ  is  the  limit  of  the  sequence  Fe  in  the  "variational 
sense".  In  recent  years  this  type  of  convergence,  called  "T-convergence" 
(notion  introduced  by  E.  be  Giorgi)  has  been  intensively  studied. 

Using  recent  results  of  compactness  and  convergence  (in  T-sense)  for  a 
large  class  of  functionals  of  calculus  of  variations  we  can  attack  many 

different  problems  of  homogenization  with  a  unified  point  of  view.  For 

\ 

example,  one  can  explain  the  behaviour  of  u£,  solution  of  the  following 
equation  with  "rapidly  oscillating  potentials"  (studied  by  Benssoussan,  Lions, 

1  X 

and  Papanicolau)  yu  -  Au  +  —  W(— )u  =  f  on  u  i  =0,  as  e  goes 

e  e  e  e  e  eiafi 

to  zero.  W  is  a  periodic  function  (in  each  variable)  from  R  to  F, 
with  zero  mean  value.  Actually,  one  can  prove  that  u£  converges  and  compute 
the  limit  equation. 

The  responsibility  for  the  wording  and  views  expressed  in  this  descriptive 
summary  lies  with  MRC,  and  not  with  the  author  of  this  report. 


AN  ENERGETIC  APPROACH  TO  HOMOGENIZATION  PROBLEMS  WITH 
RAPIDLY  OSCILLATING  POTENTIALS* 

Hedy  Attouch 

Introduction.  The  model  problem,  studied  by  B.L.P.  [2],  of  homogenization  with  rapidly 

oscillating  potentials,  is  the  following: 

Let  W  be  an  Y-periodic  function  (Y  is  a  basic  cell  in  Kn)  with  zero  mean 

value,  and  u  the  solution  (which  exists  for  M  large  enough)  of: 

C 

UJ  Uu  -  Au  +  \  W®u  *  f  on  ft,  u  .  «  0  . 

e  e  c  c  c  c  ciaf! 

When  c  goes  to  zero,  one  can  p/Ave  that  uf  converge  weakly  in  H^fft)  to  u  solution 
of: 

(I)  Uu  -  Au  +  M(WX)u  *  f  on  ft;  u|afi  «  0  , 

We  denote  by  M(WX)  the  mean  value  of  »X  and  X  Is  defined  by: 

AX  -  W 

X  is  Y-pcriodic  , 

a)  Since  u£  converge  in  weak-H^(ft)  and  —  w(p)  converge  (to  zero)  in  weak-H  (.1) 
it  is  rather  surprising  one  can  go  to  the  limit  on  the  product  ^  w(^-)u£!  Moreover  its 
limit  depends  on  the  partial  differential  operator  you  work  with  in  the  equation  (1^) . 
(Here  we  took  the  Laplacian).  We  shall  first  give  a  direct  energetic  solution  to  the 

model  problem,  and  emphasise  on  the  fact  that  the  sequence  (—  w(^r)uc)  converge  to 

e>0 

M(WX) u  in  veak-h'Nft)  and  that  one  cannot  expect  a  stronger  convergence. 

b)  Then,  we  give  an  energetic  interpretation  of  the  previous  problem  showing  that 
it  is  a  particular  case  Of  the  more  general  problem  which  consists  in  computing  the 


* These  notes  have  been  written  while  visiting  the  Mathematics  Research  Center  of  the 
University  of  Wiscons in-Madison  (June-August  1079)  during  the  CNRS-NSF  visiting  program 
G. 05. 0252. 
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limit  (in  variational  sense)  of  sequences  of  functionals  of  the  following  typo: 

Fc(u)  «  /  f(| ,  u,Du)dx 

whore  f  la  Y-periodic  in  x,  arid  convex  in  (u;Du),  and  satisifes  boundedness  and 
coerciveneaa  assumptions. 

Thia  approach  leads  ua  to  study  more  general  problems  than  (lf)  and  to  some  conjec¬ 
tures  concerning  the  convergence  of  such  general  sequences  F^: 

c)  Me  obtain i  through  direct  computational  method,  the  limit  equation  when  f 
is  quadratic  in  (u,bu)i  so  we  treat  in  a  unified  way,  homogenisation  problems  with 
first  order  terms  (cf.  [2]),  with  oscillating  potentials,  — As  an  example,  let  us 
consider 


'•lj®  te?)  +-t  on  Q'UMan  "° 

where  the  coefficients  a^  are  in  !»*(» n) ,  Y-periodic,  and  the  associated  second 
order  operators  uniformly  elliptic.  Don't  assume  the  a^  symmetric.  We  observe  that 
(U  is  taken  large  enough)  the  sequence  (]r  w(f)uc)  converge  to  a  first  order  term 
in  weak-H  1  (fl)  and  prove  that  uc  converge  weakly  in  (ft)  to  u  solution  oft 


<n£) 


w,  *  l 

**  y  J 


(ID 


pu  + 


4tu)  + 1  M(ai  -  \  aj  §:)  it *  M,wx)u  “ f  on  uUn 


c 

where  A  is  the  classical  homogenised  operator  of  the  family  A  ■ 
(cf.  Theorem  1  for  a  complete  statement  and  definitions  of  a^,  X*, 
coefficients  are  symmetric,  ■  a^»  (II)  reduces  to 

(II)bi#  Pu  +  A(u)  +  M(WX)u  ■  f  on  Qi  u|jjj  *  0  . 


X) .  When  the 


d)  We  then  study  natural  extensions  of  tho  previous  results  for  higher  order 
operators,  studying  with  particular  attention  the  limit  in  variational  sense  of  the 
functionals 

F  (u)  *  /  f (- ,  u,Du,p2u)dx  , 


% 


* 
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when  f  i#  Y-periodie  in  x,  end  quadratic  in  (u,Du,D  u),,  'ct.  Theorems  3,  4,  S) , 
This  allows  us  to  describe,  for  example,  the  limit  of  uf  solution  of 
(IV)  ,  uu  +  A2u  +  -V  *  u.  *  f 

i  t  r  2  >  f 


2.2  Homogenisation  of  variational  problems  for  integral  functionals,  quadratic 


seiilating  potential*  for  second  order  operators 


Proposition  l.  tat  *(  be  a  Y-periodic  function  with  s«?ro  mean  value!  a*  »  goes  lo 
sero,  the  volution  u  (which  Mist,  if  taking  u  lerge  enough)  of 


VIU  -  Au  +  ~  *» C~) u,  '  f  on  i)t  u  |  »  0 

1  **’•'*  f  Ian 


converge  in  veak-H0(n)  to  u  solution  of 


uu  -  Au  +  M(WC)u  »  f  on  ft)  u)sfj  »  0 


where  X  is  defined  by  (1.1)  (AX  *  M 


|X  is  Y-periodic  , 


o)  The  existence  of  u^  solution  of  (lc),  for  u  lerge  enough,  follow*  easily 
fro*  the  coerciveness  of  the  bilinear  for*  *c(',>)  associated  with  (I£) «  (from  now 
on,  given  G  a  function  on  *n,  we  shall  write  G  (x)  «'C(Jl),  From  (1.1)  we  get 

C  v 

(1.3)  A(eXJ  «  7  Hi  it  follows  that 

c  c  c 

/  r  W.u2dx  •  /  A(tX  )u*dx  «  2  /  (OX)  »u»Dudx  • 

a  £  c  n  c  n  * 


ec(u,u)  >  u|uj,  +  Jdu|j  -  a|ox|w  ju|3  Mj  .>  A^llull^ 

"o 

for  u  large  enough  and  eome  pQ  >  0.  Trom  the  uniform  coercivenest  of  the  (a  )  , 

.  £  cv0 

the  (uj  are  bounded  in  H_(S1)  . 

C>° 

b)  tat  u{ - - — k  t,  as  e  goes  to  sero  and  let  us  identify  u  as  the  solution 

of  (1)  j  The  only  problem  Is  to  compute  the  limit  in  weaX-jT*’(i))  of  the  sequence 
(”■  WjUj.)  f  Given  V  «  Cq(i1)  (a  P*  function  with  compact  support)  let  us  look  to 


1  «  /  ~  w  u  wdxi  from  (1.3(1 

C  *  f  I*  J' 


£  Q  C  C  £ 

t  «  /  A(cX.)u  odx>  Integrating  by  parte 
£  a  c  c 

1  »  J  ex  I Auo  +  3Dut>  +  u  Asldx  end  using  that  u  satisfied  (l.) 

CjjCv  CC  v  1 


4- 


I  »  /  eXJ(uu  +  i  N  u  -  ()/  *  2Ductw  4  uti#|dxi  when  +  goes  to  »ro 


c  ^  "C  -ret  t  -  c  * 

li*  r  *  lim  /  cx  ~  N  u.wdx  ■  M(WX)  /  o^dx  that  is  to  say 

c-o  e  o  r  c  f  *  n 

i  yN  ^ 

u  - r— ^  M(WX)u  and  u  satisfies  the  limit  equation  (I). 

t  t  t  t  *  0  ’ 

Hamark  l.  Prom  (1,2)  w«  got* 

Vy  «  H^W),  / W  u  vdx  *  /  A(CX  Ju.vdx  «  /  (DX  >  ft>u  v  4  u  DvldX 
p,}tte  n  ct  ftf« 

i*|o*L  l\l  i  Ivl  ,  l^lvi  v 

ir  h  H 

"o  0  "o 

In  fact  we  cannot  expect  a  better  estimate ,  than  the  H  1  liJ>  one,  on  the  sequence 
l  i  2 

(-  W  u  )  i  If  the  H  »J  were  bounded  in  L  ,  then  pu  -  Au  would  he  bounded 

2  OO  ,  C,  *  j 

in  H  ,  the  u£  would  he  bounded  in  H2,  hence  compact  in  since  *-  W(.  goes 

to  aero  in  w  -  H  l,  the  product  ^  wcuc  would  go  to  aero,  which  is  not  the  case  if 

M  *  0. 

Remark  2.  A  rather  unsuspected  result  is  that,  dispite  the  fact  that  the  sequence 

(^  Xu)  is  bounded  onl'i  in  H  1,  its  limit  Is  still  a  aero  ordor  termi  actually 
c  c  c  c>0 

this  is  relevant  to  the  particular  form  of  the  equation  (If  1 i  we  shall  see  next  a  more 
general  situation  where  this  is  no  more  the  case  (of.  Theorem  1). 

Remark  3.  The  limit  of  "  Wcuc,  which  is  equal  to  (-  yjy  /  {dx|  dyliu  depends  on 

the  differential  operator  which  governs  the  equation!  since  X  is  defined  by  AX  *  W, 
?.f  instead  of  (I  )  we  consider  (for  simplicity) 


Uuc  -  AAuc  +  i  Wcut  -  f  (A  >  0)  , 


then,  the  limit  equation  will  hes 


UU  -  A An  4  ~~  M(WX)u  »  f 


1.2.  Energetic  interpretation. 

Let  us  interpret  now  the  behaviour  of  w  solution  of 


Uu,  -  Au  +  —  W  u"  *  f  on  ft,  u  i  *  0  . 
c  e  c  «  r  c\m 


-S' 


a)  The  •elution  uf  of  (lf)  atinljalsea  the  functional  Fc(*)  “  *f**^  where 

|J  ,  A  x~.A*  .  1 


Vtlu)  *  /  |  uiu|3  4  |  jour  +  weM  <**  » 


Xnfact,  Introducing  X  the  aolution  of  (1,1) 


AX  *  W  ,  which  exists  alnca 
X  Y-pariodic 


/  *My)dy  *  0,  v«  (any  writ*  F_  in  tha  following  wtyi 

Y  .  K 

rt(u)  «  /  ~  p|uj2  4  |  M3  4  ~  tAX^u^ix  and  integrating  by  parta  , 

*  I  i.  liu*  *■  -  Jou)3  -  (DX)  U'lMdx  , 

U  *  *  5 


Tharafora 


F  <u)  •  /  f  ,  U'Dnldx 

C  a  *• 


With 


f(n.C.a)  «  -  l«la  +  l  (xlttj  4  |  pCJ  , 

taking  u  large  enough  in  ordar  (  tola  positive  {for  exaaple  u  s  ^  £  |^*J  a, a,), 

f  will  ba  a  poaitiva  quadratic  fOrn  in  ((.a)  and  hanca  convaxi  woraovar 
V(x.f,a)  <  *,n  x  x  *.%  X„ | * | 1  <  t(x,(i«)  <  AQ l (5 « »> | ,  It  follow#  that  tha  correspond' 
ing  functional  Fe  ia  atrictiy  convax  coarciva  on  hJ(£1)  and  that  tha  only  aolution 
of  tha  corraaponding  Xular  aquation  (1^5  la  tha  uniqua  point  u^.  whara  f  aaavxaa 
ita  aiiniwun, 

b)  Fro*  H,  Attouch  Ult  {Thaoraa  3,1)  it  followa  that  tha  faaiiy  of  convax  func- 

tionaia  (F  )  ia  compact  with  caapact  to  tha  T  {w  -  and  ail  r~ (t^)  convergence, 
c  e>6  u 

(Thia  raault  ia  an  axtanaion  of  the  compactness  result  of  Carbons  and  Sbordona  [3]  to 

tha  caaa  whara  tha  functionals  dapend  on  u  and  Du,  which  ia  praciaaly  out  aituation,) 

bat  u*  give  tha  praclaa  statement  wa  use* 

Theorom  »  {cf,  (1)1,  tat  >  (x,?,*)  t  nn  x  *  x  « — 4  f^(x.f,«)  a  aaquanca  of 

functions  measurable  in  x,  convax  continuous  in  ((,»)  poaltivaa,  f^CkiQ.C!)  »  0t 
lot  us  define  for  every  tl  bounded  open  Set  in 
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F,  (u,ft)  *  ft 
n 


/  f.  (x,u(x)  ,Ou(x))dx  if  u«  Lip  ^(»n) 

p  **  IOC 

+*  if  u  «  Lj^tKSsLip^^w") 


and  let  a*  assume: 


(HI  3*  *  and  4  continuous  increasing  in  |?|„  |s|  such  that 

Vh  r  V,  0  <  fh(x,C,e)  <  a{x)V(|t|,|*|>  • 

’.iw;n,  the  following  conclusion  holds: 

«>  There  exist  a  subsequence  (h(p) )  such  that  Vft  bounded  open  set  in  *n, 

p»  H 

r 

F(u,ft)  *  r  (Ll(ft))  lim  F...  (v.ft)  -  r'(L*(ft))  lim  F.,  ,  (v,ft)  exist. 

p*4«  p*+.  h(£>) 

v-»u  v*u 

8)  There  exists  a  function  <  measurable  in  x,  convex  continuous  in  (C»«) 

such  that  Vft  bounded  open  set,  Vu  *  tlp^(*nl 

F(u,ft)  •  /  f(x,u(x),Du(x))dx  . 
ft 

Y)  If  £  f^(x»5,«)  <  Aq(1  +  )(£,*> |p)  for  some  p  >  1  then  the  conclusion 

extends  to  the  whole  space  ,p(ft)  and  Vft  bounded  open  set,  Vu  t  W^,p(ft) 

F(u,ft)  -  r“(w  -  W*,P(fl))  lim  F.  ,  .<v,ft)  . 

P  fh-  h(p) 


So  we  may  consider  the  problem  of  homogenisation  (I£)  as  a  particular  case  (more 
precisely  of  quadratic  type)  of  the  general  problem  of  computing  the  limit  in  variational 


sense  of  the  following  sequence  of  functionals 


F  (u)  *  /  f(7,u,0u)dx  where  f  is 
c  ft  C 


Y-periodic  in  x 
convex  in  (£,*) 


and  satisfies  some  boundedness  and  coerciveness  assumptions:  for  simplicity  let  us  assume 

XQ|z|lJ  '  f (X,$,s)  <  Aq(1  +  1S1P  +  |s|P)  with  p  >  1  . 

What  the  preceding  theorem  tells  us  is  that,  if  Fc  converge,  its  limit  F^  is 

still  of  the  form  Fn(u)  »  /  fA(x,u,Ou)dx:  this  implies  that  the  sequence  (u  )  , 

0  ft  0  E  c>0 

where  u  minimises  F  converge  to  u  which  minimises  P-. 
c  t  u 
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Two  particular  case*  of  problem  (P)  have  been  intensely  studied: 

1,  f(x.C.x)  <*  £.(x,t)  (f  is  independent  of  x)i  from  Marcel  Uni  and  Sbordwtn  N 
it  follows  that  rc  converge  to  FQ  whtre 

rft(u)  =  /  fQ(u)dx  and  £-(£)  *  -j—r  /  f(x.£)dx  . 
ft  ‘  *  Y 

2.  f (*,£.*)  ■  f(x,x)  (f  is  independent  of  Of  it  follows  from  Carbone  and 
Sbordone  |3|  that  r£  converge  to  F0  where 

r0<u)  a  /  f0UxOd*  and  fgU)  »  sdn|ji|-  /  f(x»Du  +  ,*)dx/u  Y-periodicj  . 

Ne  are  now  going  to  study  in  the  nest  paragraph  the  general  situation  corresponding 
to  the  model  problem,  that  ia  to  aay  the  caae  where  f  is  quadratic  in  (4,t)..  (Ne 
•ay  alao  notice  thet  tha  caae  f(x,£,x)  -  f^ts.t)  +  fjtx.x),  is  a  atraightforvard 
extension  of  the  previous  ones.) 

1.3.  Hoaooenisation  results  for  quadratic  integral  functionals  in  (u,Du). 

Tha  general  font  of  a  quadratic  integral  functional  Ff  will  be: 

V“>  •  ’  { &  M®  %  s  *  I  4* 

where  the  coefficients  a^,  bj,  c  are  Y-periodict  let  us  assuaw  that 

*  V*)Vjtxi,iJ  <\j- v 


c(x)  >  b 

with  V  large  eitough  in  order  the  Fe  to  be  convex,  poaitive,  uniformly  coercive 
on  Hq(Q)  . 

The  Euler  equetion,  W  (u  )  ■  f.  (f  ♦  H  1  {$!)')  can  be  written: 

V 


(1.3) 

or  equivalently 

(1.4) 


•  i  *7  (v  S)  - 4  \y  *  i  \  % 


*  2ccuc  *  f 


f. 

_  i 

y  fc)  ' 

Hi  >»jl 

c 

1  Kl 

L  c 
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Hoc*  generally,  let  us  consider 


mc) 


-l  — 

/,  9x. 

i,3  i 


'ij  ®*. 


f  Wfur  +  CpU.  *  f  on  u  «  =0 

9  ■ 


with  non- necessary  symmetric,  W  Y-periodic  with  zero  mean  value;  without  loss  of 

generality  we  may  assume  c  2  H;  the  following  theorem  gives  us  the  answer  to  the 
asymptotic  comportment  of  uc  as  r  ■*  0? 

Theorem  1,  For  u  large  enough,  the  solution  U£  of 


«V 


Hu, 


1 A  k  %)  * « ' "  u*i„ ' 0 


exists,  and  uc  converge  (as  c  goes  to  zero)  to  u  solution  of; 


(IT) 


uu  +  <4(u)  +  l  mIo,  t  l  a.  ~|  +  M(WX)u  *  f  on  0;  ut  *  0 

i  l  1  j  3  aV  3xi  hi) 

(1.51.  ,4  is  the  homogenized  operator  of  the  family  (AG) c>0*  A*”11  a  “  I  (a...  r~~)  : 


A  *  ’  l  <1; 


i,j  3*i3xj 


“  l  3kj  3xJ 


'i  liK  "i 


and 


X1*  is  defined  by 


A*(Xa  -  x.)  *  0  with  A*  ■  -  l  (a*  ~~) 

1  4,3  Xi  13  3 

i  * 

X  is  Y-pariodic  (a.,  »  a..) 

ij  31 


(1.6).  X  is  defined  by 


AX  t  W  -  0  and, 
X  is  Y-pcriodic 


*  ax 


(1.7) 

When  the  Ae  are  symmetric  (a..  *  a..)  or  with  constant  coefficients  the  limit  equa- 


13  3i 


tion  (II)  reduces  to 
(II)bis 


HU  +  4  (u)  +  M(WX)u  =  f  . 


Corollary  1.  When  r  goes  to  zero  the  sequence  of  convex  functionals  (a..  =  a,.) 
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converge  in  F  (w  -  Hq)  sense  (we  assume  the  a, ,  uniformly  elliptic  and  c  _>  y  with 


U  large  enough)  to  PQ  which  is  equal  to 


Vu)  "  l  {  ^  ^  +  T  M(c  +  wx)u2}dx 

«  9b< 
where  q,  are  defined  in  (1.5)  (with  A  -  A)  and  X  is  defined  by  AX  ■  l  ~ 

3  i  rfxi 


IX  is  Y-periodic  . 


Proof  of  Theorem  1. 


a)  As  in  the  model  problem  the  existence  of  u  ,  solution  of  (II  )  follows  from 

e  c 


the  coercivehess  of  the  bilinear  form  a  (•»•)  associated  with  (II  )i  From  (1.6)  one  gets 

e 

a.6)bi#  a;(£x£)  4w£-0 


,  1  2  f  r  if*  2 

/  I  W  u  dx  -  /  l  T—  a  .  -- a~--  u2Jx 
«  c  n  i,j  3xi  1  3xj  > 

-  ’2  i  «  l  \  ,  [|~-]  dx 

0  iij  i,3c  l3xj^c  3xi 
i  2  sup  |a.  |„  *  |DX|„  *  |u|  •  |du|  . 


It  follows  that 

a£(u,u)  >  u|u|'2  +  |du|2  -  c|u|2  •  |du|2  >  P0II«I| 2X 

H0 

for  m  large  enough  and  some  p  >  0.  From  the  uniformly  coerciveness  of  the  (a  (•,•)) 

0  W  -  Hi  c  c>0 

it  follows  that  the  (u  )  are  bounded  in  H„(0);  Let  u  - u;  it  is  clear 

e  e>0  0  e 

€  1  -1 
that  (A  u  )  and  (-  (  »  )  are  bounded  in  H  (0);  we  are  going  to  compute 
e  e>0  e>0 

their  limits  in  weak-H~  s 

b)  First,  look  to  the  limit  of  (7  W  u  )  as  c  -  goes  to  rero;  from  (1,6).  .  , 

E  EC  .  A  DiS 

e>0 


|wu  »-Ae*(EX)u  -u  I^-(a*  #-)  , 


V  e  “e  ‘  5x.  ^ij  ax/ 

1  1  e 


let  us  introduce 
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(1.7) 

than 


v  *  3x 
“t  ’  1  *D  5^  1 


r V.  ■  *«  {£;  \' 

which  it  equal  in  distribution  sense  to 

c  V£ "  l  ^  (\V  *1  \  5^  • 


3u 


(1.8) 


(1.9) 


The  first  term  of  the  second  member  clearly  converge  in  we  ah- It"1 i 

"'l  -  3u 


l  %  \v  Tf^r*  \  «\*  ^ 


The  second  one  Is  bounced  in  ir (ft),  but  we  cannot  compute  directly  it*  limit)  given 
*  «  (ft)  let  us  consiusr 

3u  »  ,  \  9u 

Jc  *  -  /  l  «i  •  -  H  l'  ®h  aT"  (cXc>]  aT  *d* 

e  n  i  \  i  ft  i  3c  c  *  dKi 

(t  * 

'  H  X  3*i 


a  - 

G 


3  (CX  ) 

-/Z-5T 

« j  j 


/ 


/  « 
.1  * 


Vdx  and  integrate  by  par to 
3u 


.  /  *  3u  ^  *  3u  , 

Y  0  I  *  c  1  y  *  c  3 

A  3x3  K  3xJ  '  A  ‘ijc  a\ 53 


3* 

3x, 


dx 


e  y  *  3ue  3v  ,  . 
-*•*«  +  £  a. .  -5T-  ~|dn  • 


i,j  ijc  3*i  3xjJ 


We  now  use  that  u£  Is  a  solution  of  (Ilf)  i 


J.  "  }  cX 
e  ft  c 


3u 


^“UG  +  \  Vt  “  f)  +  ^  aUc  5^  ' 


Going  to  the  limit  (as  c  *  0) 

that  is  to  say 

(1.10) 


Urn  J  »  <3  »  M(WX)  /  U^dx  , 


C->0 


Ou  2 

J  "i  >£  ’ 

i  C  X 


-U- 


fro*  (1.8),  (1*9)  ,  (1.10)  w«  got 


e£  -  -  /  I  v  V  dx  -  /  a  v  *dx  +  /  [  «.  v  (  |~~j  M*  , 

c  s)  ,1  3c  x3  n  le  n  j  jc  et 


<l'201  cc  TTT3T  “  |  M(V  l  V’V  ^  dx  -  M<ai5  l  v*dx  +  |  Mh  Sr]  l”**  • 


From  (1.17),  (i,18),  (1.19),  (1.20)  it  follows 


(1.21)  /  I  C.  Xjdx  -  l  m(«  -  l  » k,  fM  /  v  d*  ‘  l  M<«J  /  v  (x.V>)dx 

n  j  3  3  j  1  j  13  x  kj  3V  n  3xj  j  3  ft  3xj  1 

+  I  M  a,  ■— -)  J  Wdx  «  /  (g  -  uv)x,*dx  . 

j  3  Ky  n  n  1 

On  th«  other  hand,  multiplying  <  1.14)  by  x^,  integrating  over  0,  and  going  to  the 
limit  as  c  **■  0,  we  get: 

(1-22)  /  l  C.,  g~“  (x.w)dx  -  l  M(a.)  /  v  ~  (*,V)dx  -  /  (g -  jivVfx.dx  . 

3  j  j  3  ft  3xj  1  n  1 

From  (1.21)  and  (1.22)  we  get 


(1.23) 


/  y®.  -  -  j  »(.„  - 1  \j  |^)  / .  *  i  »(.j  !^)  / «« • 


since  this  is  true  for  any  +  «  C*(ft)  we  get  the  following  equality  (in  distribution 


sense)  i 


(1.24) 


From  (1.15)  the  limit  equation  is 


(1.25) 


(1.26) 


Sv  *  Av  +  £  m[o.  "Jo.  jp-|  v*~  . 

i  U  i  i  dy  3xi 


e)  From  (1.13)  the  limit  equation  is 


yU  +  /)  (u)  +  £  n|a.  -  I  aj  |^)  +  M(W)u  -  f  on  0,  u|3f)  -  0  . 
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Let  us  look  in  detail  to  the  coefficients  of  the  first  order  term  by  definition, 


A  x"  e  r  ^  ™  (»m>f  let  us  multiply  by  X  and  integrate  by  partes  we  get 


f  y  •*  ax  ax 

V  L  k3  axj  3*k  Y  k  "*  "k 


on  the  other  hand 

ft  oxx  .  /  v  *  ax1  ax 

Since 

I  Vx  *  / 1  “Ik  wj d* 

we  aee  that  all  these  quantities  are  equal  when  the  coefficients  are  symmetries  in  that 
case  the  limit  equation  reduces  to 

*1J  bis  wu  +  +  M<wxlu  *  1  u|aR  *  0  . 

This  is  also  the  case  if  the  coefficients  are  constant  (Mtu^)  2  0). 

Remark  4.  We  may  write  the  aquation  (II  )  in  the  following  form 

*\  "  f  -  r  Vc  “  MUc  1 


We  know  that  A  d  in  variational  sense  (or  in  G-senae)  which  clearly  implies  that! 

1 

w  »  n 

V(v  ,gj  *  At 


v  His 


v,  g,  — Ag  «■»>  (u,g)  e  <4  . 


t''e'  t  ae 

But  we  cannot  use  this  argument  in  order  to  go  to  the  limit  since  the  sequence 


<f  -  e"cV  “V 


e>0 


converge  only  in  weak~H  1  its  limit  being  equal  to 


f  -  wu  -l  -  M(WX)U, 

Actually,  the  limit  equation  is  not 


wu  +  4(u)  +  l  M(a.)  +  M(wx)u  »  f  I 

So,  the  arguments  developed  in  the  proof  of  Theorem  l,  justify  and  extend  to  the  non-' 
symmetric  case  the  result  of  (21  (Theorem  12,6). 

Another  way  of  looking  at  and  extending  the  previous  results  is  to  consider  them 
as  homogenisation  problems  with  lower  order  terms.  That's  what  we  are  going  to  look  at 
in  the  next  paragraph. 


!&■ 


1.4.  Homogeniaatlon  with  lowr  order  terms. 

We  an  going  to  prove  the  following  statement; 

Theorem  2.  tat  u  b*  the  solution  (u  i»  taken  large  enough,  all  the  coefficients 

are  Y-periodic,  the  (a . .)  are  uniformly  elliptic)  of  the  following  problems 

13  ij 

9u_ 

on  n,  u  |  »  0  . 


j.  3u  V  .  3u 

Mil)  Vu  -  l  j-~  +  2  hT  (Yi  V  +  l  8i  jT-  "  f 

‘  i  \  i  c  *xi  v'afl 

When  c  goes  to  aero,  ufi  converge  weakly  to  u  in  H*,  where  u  is  the  solution  of.1 


(MX) 


*  *  «■>  ♦  l  “K  -  ft,  %)  $  ■ *  f«K  *  l  -u  ^  s - »!|  tx  $)  ■ 


» t 


uUn  "  0 

where  we  denotes 

A  is  the  classical  homogenised  operator  of  the  (Ae)c>0  (cf.  1.5) 
the  X1  are  defined  in  (1.5) 

6  is  defined  by> 

&fi 

(1.27)  I  * e  m  l  r-i 

i  *j 

t  Y-periodic  . 

Proof  of  Theorem  2.  Prom  (1.12)  (ill()  can  be  written! 

,  3u 

The  only  problem  is  to  compute  the  weak  limit  in  LJ(n)  (let  us  call  it  n)  of  the 


sequence 


1  c>0 


1  the  limit  equation  will  be 


(1.29) 

with  B  given  by  (1.26)  i 
(1.26) 


Su  ♦  n  ■  f 


>u. »..<!»)* I »(Yl-.|Yj ai)  a.. 


Prom  (1.27)  At(cBe)  »  l  jj-  U8,j  )>  let  us  multiply  (U27)  by  vu£  and  integrate  by 
parts; 


•16- 


/  l  4^  '  (e8  )  j—  (V»u  )dx  «  -  I  /  6  ~  (v'u  >dx  ; 

ft  i.j  4:1  e  3xi  P  i  ft  VPXi  £ 


this  implies 


(1.30) 


Clearly 


’  /  fl  6-  T~^]^dx  *  a  +  b  +  c  . 

ft  li  xc  3xJ  c  c  £ 


(1.31)  ae-nBiuc^-dx-~-oT>[M(8.)  !»&**  • 
SI  1  C  i  1  SI  1 


(1.32)  c 


Let  us  consider 


bc-U's"v(p;ixH« 


and  integrate  by  parts 


using  that  u£  satisfies  (XIX  ) 


re  i  „  au  *  3u» 

/  eB  *  UU  +  £  -r —  (y.  u  )  4  l  B.  -r - f  +  £  a.  .  r —  ~~ 

ft  CH  e  3x,  aE  c  xc  3Xi  A  X3C  3x.  3x.J 


Clearly, 


lim  b  =  lim  It  /  eB  *  £  r|-  (Y-  u  )dxi 
c-*0  e  c-*0  v  ft  c  ,  i  le  c  > 

=  lim  /  ^  v.  u  jrB  &L  +  f^-]  V')dx 
e-vO  ft  i  \  Ei  e  ?xi  ^xiJ  * 
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(1.33) 


bt  TTToT^I  ^]  /  u,d*. 


From  (1.30) ,  (1.31)  ,  (1.32).  (1.33)  m  gets 


(1.341  -  /  W4»  -  I  HOp  l  «  |t .«  .  »(i  .J  jt).  ;  «M»  »  I  »(j  s^l>5|  <>« 

,1.33, 


From  (1.26),  (1.29)  and  (1.35)  tho  limit  aquation  iat 


(III)  juu  + 


^  i  ("K  -  ^4) 4  "K  * x  •  "(I  Y^)u  ■ ' 


uUo  • 0  • 


Remark  5. 


3y 

a)  Whan  8^  *  with  Y|  ■  I  a^  (which  was  danotad  a^,  cf.  (1.7).  Thm.l) 

w*  get 


V  *  ..  t  JL,  /,*  ±1)  „  A\ 

L  *xL  L  SXj.  (  Ik  9x^  K  X 


and,  in  (1.27).,  va  can  taka  8  *>  X.  It  follow*  that 


■K(h^)'rw{ 


ia  aqual  to  N(*fX)  ainca 


»<“  ■  -  ft  l K’* Mv  *  *  w  ( X  4  &  & *  ■ 


fi  i  *» »«,  s«i 


So,  formula  (lit)  reduces  to  (II)  and  we  rafind  Theorem  1. 

b)  Whan  Y^  *  °*  w*  obtain  Theorem  13.1  of  B.L.P.  (2), 

1.5.  Study  of  the  general  problem;  conjecture. 

Let  ua  conaider  the  problem  (P)»  how  to  compute  the  limit  in  variational  sense  of 
the  sequence  F£  where 


•V-  •.-  t 


F -(u)  *  /  f(£  ,  u.Du)dx 

0 

with  £'  Y-periodio  in  5.,  convex  in  tu.Ou)  and  l0|s|p  <  f(x,?,e)  <  A^tl  +  [?|P  +  I*!1 

p  s  1.  From  the  general  compactness  Theorem  A,  one  can  extract  a  subsequence  F  and 

ck 

find  a  normal  converse  integrand  q  such  that 

vili  )i  Vu  t  W ^'p  F  lu.il)  -  r'(w  WQ.'p)Um  F  tu.ft) 

ph  U  U  ck 

where  F  (u.ft)  »  f  g(x,u,ttu)dx  (A  is  the  family  of  bounded  open  sets  in  3Rn). 
ft  Pn 

The  problem  is  to  identify  gs  in  the  three  cases  we  already  saw  (C  independent 
of  1,  f  independent  of  *,  f  quadratic  in  (?,«)),  the  integrand  g  does  not 
depend  on  x.  Actually,  this  is  also  true  in  the  general  cases 
Proposition  1.  The  Integrand  g  is  independent  of  x, 

Proof  of  Proposition  1.  Following  the  proof  of  111  Theorem  2.1.  there  exist  a  convex 
integrand  fQ  such  thats 

V(?s)  <  Kx*n  Vft  t  A  F  t?  +<*,•>, ft)  *  /  fn(x.S,s)dx 
1  n  0  ft  w 


Vu  t  W*,p(ft)  FQ (u . ft)  «  /  f0(x,u(x)  -  (Du(x),x),  Du(x))dx 


such  that 


F  t?  +  <8,»>,ft)  »  lim  F  (u  ,ft)  . 
0  k*+«  ek  ck 


F  tu  ,ft)  *  /  f(~,u  ,Du  )dx  t 

rk  k  ft  k  k  k 

since  £ (*,?,*)  is  Y-per iodic 

*  /  j  f(r-»  (x  “  Du  (x  -  n^c.  )dx  . 

ft+n‘rk  ck  k  K  K  r'k  K  * 

Let  xQ  «  Rn  be  fixed  and  take  n^  such  that  nj^  <  x^  <  (n*  +  Dc^,  Therefore. 

w  nic.|  K  <V  hake  ft  *  Y  +  x,  where  e  >  0  and  x.  *  Rn  are  fixed.  From 
0  K  K  K  £  l  \ 


continuity  aaaumptionc  on  the  functional*  -f  (which  follow*  from  the  convexity  end 
uniform  boundedoett  aa#umptio«*) 

!*,.  <uc  ,Yr  *  V  "  Fc  <wkiYe  *  *1  *  V  I  “  0 

/ 

where  i*  equal  to  u£  (•  -nj^)  on  fl  +  n^c^  and  i*  extended  with  uniformly 
bounded  derivative*  to 

Since  converse  to  (C  ”  <  *,xQ»  4(*,.>  in  L1(¥(,  ♦  xQ  -4  x^) 

Pn(C  -<*,xft>  4  <*,'>,¥  4  j  +  x  5  <  Um  inf  P  (v.  ,Y  +  x,  +  xJ 
v  v  cot-  k  c  1  0 


<  llm  inf  F  (u  ,Y  +  x.) 

'k  ck  c  1 


Therefore. 


>  0  /  f-(x,C-<x,xft>,*)dx  <  /  f  (x.C.a)dx  . 

Y.+x„+x.  0  0  Y  +x,  0 

G  1 


o  i 

Making  *  go  to  aero,  thi*  impliea 

fQ<*o  +  x1»C-<a.x0>,a)  i^ix^.C,*) 

that  ia  to  aay 

(1.36)  vt^.x^  «  *n  *  *n  ?o(ao  +  x^C,*)  <  fo(Xi,c  +  <*,*0),«)  , 

\ 

Writing  x^  «  (*x  +  xQ)  -  xQ  and  applying  once  more  (1.36),  we  get 

¥<VV  t  »n  x  *n  f q (Xj , {  +  <a,x0>,»)  <  f0(Xl  +  xQ,C,a)  . 


(1.37) 

Prom  (1.36)  and  (1.37)  it  follow* 

(1.38)  V(xQ,x1)  »  *n  **n  VC  «  *  V*f  *n  f6(*0  +  x1,C,a)  »  fQ(*x,C  +  <a,x0>,a) 


and  taking  x^  »  0 


f0(x,C,a)  •  fQ(0,C  4  (  *,x>,a)  i 


(1.39) 
thia  impliea 

P,j(u,n)  «/ f0(x,u(x)  -  <Du(x),x>.Ou(x)'dx-/  f.(0,u(x),Du(x))dx  i.e.  g(x,C,r)  «  f-JO.f.n) 
si  i)  '  “ 

6-  It  ahould  be  intereating  to  get  a  general  anawer  to  the  problems  to  know 
if,  under  periodicity  condition*  on  x  and  convexity  on  (C,a)  of  f,  the  sequence 


F  (tt)  *  /  f<£*  u.Duid*  converge  end  whet  i«  it*  limit  equal  to.  It  seem*  reasonable 
*  fl  * 

to  conjecture  auch  •  result.  bet  ui  coneider  now  the  problem  of  the  idenfcif icefcien  of  f  . 
If  the  Integrand  f  4*  independent  of  4* 

F,.(d>  *  /  f  if,  u)dx 

*  n 

the  T  limit  of  F  ia  equal  to  (cf.  J51) 

5 

F0<U)  *  /  FQ (u)dx  with  f.(0  *  T L.J  tiy,&*y  . 

ft  rl  ¥ 

If  the  integrand  f  it  independent  of  5 

Flu)  -  /  f|S.  (Du(x)>dx 
C  ft  fc 

the  r  limit  of  F  i*  equal  to  (cf.  (3)1 

M«)  <*  /  f  (Du)dx  with  fQ(x)  ■  min  1  /  f(y,Du  +-  a)dy 
ft  v  v*Wy  17f  v 

where  We  denote  Wy  the  epece  of  the  Y-periodie  function*  in  W1,)p. 

h  natural  conjecture  concerning  the  cate  where  f  depend*  on  t  and  a  would 
be  thiti 

r0M  -  /  fQ (u.ftu)dx  with  f0U,8>  «  Win  4r  /  f(y,i,Du  +  a)dy  . 

ft  U»Wy  lYt  y 

This  formula  it  correct  in  the  two  preceding  caaee  and  in  fact  that  ie  the  one  conjectured 
by  Baneaouaean,  hiona  and  Papanicolau  (1),  Remark  17.7, 

We  are  going  to  prove  that  unfortunately  it  ia  not  correct  in  the  general  ease?  in 
order  to  give  a  counter  example  we  ehall  uee  the  explicit  computation  we  made  cf  the 
limit  functional  in  the  quadratic  cates  let  ua  coneider 

,u'  v  ^  *  5-  o<4“  • 


That  is  to  eay 


,(ui  *  /  f (r .  u,Du)dx 

ft  1 


(1.37) 


ffy.i.t)  *  1 1  a^tylSj*.  *  l  bjtylFr^  +  ~  c(y)£2  , 
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'■*?  ■-zznrv-s.-r-- 


BT*  f'ZL~  ~fmwTpTT'7VW'j 


,  *  i"‘  W  ?£>"-  ' '  -'7.  ' .--  K 

; *\  ^  v -  s  J j'NaT  '  *T ;"  -£*/--.  ^  .A' 
W  vJL.'WMWH 


Proa  Corollary  1,  w»  know  that 


fq  -  r>-  „J)  ii»  re 

C^v 


is  equal  tot 

That  ia  to  say 

with 

(1.38)  , 

where 

(1.39) 

and 

(1.40) 

So,  1st  us  coeipute 


'  l  {l  J  ’«  hj  TT  *  J  "to  *  """I* 


F  (u)  -  /  f  (u,Du)dx 
Ci 


f0K.*>  «  j  I  qij«i*j  +  [h(c  +  wxk2 
i>3 

’ll  •  “(*«  '  l  *M  l£)  *'*1»  ■  “»l>  ■  ‘  l  5^  <\l‘ 


B  3bi 

-  -  l  IT-*  A<X)  ♦  W  •  0 
1.1 

X  Y-periodic  . 


i-1  i 


I  ■  ain  t~t  /  f  (y,C<0u  ♦  *)dy 
u»Wy  '  I  Y 

and  coapare  to  f . .  Let  u;  .  b«  a  ainiaixing  point  for  It  it  satisfies 
v  s  #  * 


(1.41) 

equivalently 

(l’41)bi. 
Froa  (1.40) 

(1.42) 


■  ^  4  (*u  -rff)  •  ^  »,  ‘“uv  ■ '  { », 


b,  »  0 
i 


A(Uj  ^  +  (  r,  *  >)  »  -CW  . 


A(ur  +<z,-»  «  A(CX) 


Frotr  (1.42),  we  cannot  conclude  directly,  since  u.  +  <*,•>  is  not  Y-periodic?  so 

\> z 

we  reaark  that 

(1.39)  AX 


*  *  Axa  “>  AKx,*»  =  A{£  x^xS  . 
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Therefore 


A(ur  +  l  z.X1)  -  A(CX) 

I  i 


and  now,  w#  can  conclude  since  €X  and  ur  ^  J  are  Y-periodic: 

uf  *  £  z.X*'  ■  5X  (up  to  a  constant)  . 


which  implies 


(1.43) 


du5  i  +  [  *Lx>xx  «  m 


(1.43). 


It  follows  that? 


ur  +  z  *  £DX  -  l  z JX*  +  z  , 
K.r.  £  * 


Z  2*1.+  .- 

4  **i  * 


?  -<£( 


.  ax  e  ax 
1  •  i  'k  ST  “ 


i)  *  2  «2]a»  • 


Let  ua  order  the  terms  with  respect  to  C  ,  p  *  0,1,2s 

I  «  (a  +  8C  +  YC2} 


FT^ViVj,*, 


.  *ijv< «,  2,  -  jj,k  *«  "4  vrj,,  *u  2;  v,K 


-  1  f  1  f  V  3X  3X*  r  3X  .  ax' 

lll  {  1  i'lj.k  *«  tas  k  Skj',,L  *u  ,xi  k  lk 


lt!.  JL',, l,  JS...L 

i  ‘  ij8*i  3  ‘  13  3*j  ij 


FT  U  bi('i  *  £  *»  f£)ak  ■ 


1  e  fl  c  3X  x  V  v.  3v  x  1  L 

FrJfeA^Vf  1=r  5'r 


o.i«ir  y  .. ...  >  f2-  |sH  -  2  y 

2  U,j  ^  i  3  K.ifi.j  ^  3^1  9x  lfjfk  x3  3Xi  k  jj 
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><•*  VV" 


.  «  ’*-?>>•' ?  A-4*'  / 
^*'4  ^  - 


f»  If  •l»MKJUf«W^  J!>J;»« 


"  ■  2  AjA  *  »!»  V  *\  »1  "  2  2  ”«  *JV’l 


From  (1.39) 


which  implies 


on  the  other  hand 


AX  “  (V 


(Axi'x:i)  -  / 1  \i  dx  -  n  \j  i~ dx ' 


(AxSx3)  -  fl  aH  g-  §j£  dx  . 


It  follow*  that 


a  ■  jM 


.A  A '  “j  vr  j  J,  Vi1)  • 


Computation  of  yi  From  (1.40) 


and 


3b. 

*>■1^ 


(AX.X)  -  -I  /  b  S-  4*  I 

V  1 


on  the  other  hand 


.  ,  v  (  3X  3X  . 

(AX'X)  (“ij  3^3^dX 


Y  *  '  Wl  l  1  *ij  *T  teT.to  +  2M  l  °  dX  "  2  M(C  +  WX)  * 


Therefore 

2W  '  i  *ij  3*T  3^7  °*  +  2pn 

So,  up  to  now  the  formula  is  corract. 

"  a 

Computation  of  B : 

6  •  "I'l.ik  *«  *«  t  *i  * !  4*  - 1 !§! 


i£&y *3$'*  s 

'  7  w  ..■>  \  ’  T'  ,'’.fk 

...  _ 
-is. 


fl 


if* 

1 


i_v  • 

*  ? 
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Me  are  going  to  see  in  this  paragraph  that  Many  of  the  preceding  results  extend 


to  higher  order  problems.- 

2.1.  Study  of  the  model  problem. 

Let  us  give  an  energetic  proof  to  the  highly  oscillating  potential  problem  with 
the  biharmonic  operator  (cf.  B.L.P.  (2)  for  this  study  through  multiscale  method). 
Proposition  2.  Let  (for  p  large  enough)  the  solution  of 

(IV)  pu  +  A2u  +  ~Wu*fonfti  u  *  H2(ft)  . 

c  e  _2  c  e  c  o 

c 

(N  is  a  Y-per iodic  function  with  aero  mean  value.) 

2 

When  c  goes  to  xero,  u£  converge  weakly  in  HQ(0)  to  the  solution  u  of 

(IV)  pu  +  A2u  +  M(*»X)u  -  f  on  (!,  u  t  H2(fi) 

where  X  is  defined  by 

(2.1)  A2X  +  W  «  0 

X  is  Y-periodic  . 

Proof  cf  Proposition  2.  As  in  the  second  order  case,  we  remark  that  u£  satisfies  the 
Euler  equation  associated  with  the  functional  Fc  -  (f,«)  where 

F  (u)  ■  /  {■-  pu2  +  ~  (Au) 2  +  -—•  W  u}dx,  u  *  H? (fl)  . 
c  0  *  *  2e  E  U 

Noticing  that  A2(e2X  )  +  ~W  »  0,  (from  2.1),  we  can  rewrite  F  t 

C  ^4  V  C 

F  (u)  -  /  {i  Pu2  +  \  (Au)2  -  2 (Ax)  • (uAu  +  |du|2) Jdx  . 

e  jj  2  2  e 

2 

It  follows  that  for  P  large  enough  Fc  is  a  convex  coercive  functional  on  H0(Q)  and 

2 

that  u£  minimises  F £  -  (f,*)  over  HQ(^). 

2 

Moreover,  the  F  being  uniformly  coercive  on  H  (Q) ,  the  (u  )  remain 
C  w  -  0  E  00 

bounded  in  Hf(0)i  let  u  - v  u. 

V  v 

In  order  to  go  to  the  limit  on  (IV  )  we  have  just  to  compute  the  weak-* limit  in 

c 

H  of  the  sequence  —  W  u  ;  let  us  introduce  u  e  (£(0)  and  look  to 

i  c  t  u 

c 


integrating  by  parts 


I,-  *•  ~  /  (AX)  .(Au  <f  +  2DuJ>*  *  u.Awldx  ) 

*  v  t  C  G  t 


*  2  1 

since  u  converge  weakly  to  u  in  Itf,  (and  strongly  in  H„) ,  and  (AX) — — 1 — ^0 
c  out 


(2.2) 


.,  *  /  («0/ucM«  JT^O  , 


making  another  integration  by  part*  and  uling  that  u  satisfies  (IV J,  we  get 

W  it 

-  /  (OX)  Au  *ax  -  -  /  e2X  (A2U  4  +  Au  Aia  +  2DWU(Au  ))dx  , 

4  Gt  *  f  f  f 


n 


a 


c 


(2.3)  -  /  (AX)  Au *dx  «  -  /  t2X  f(f  -  pu,  -  —•  W  u  )V  +  Au  A*  +  2WD(Au  ))dx  . 

RGC  .it  E  «  C  E  C  C 

1(  C 


bet  us  consider  the  last  termt 


Jc  •  l  ■  |  /  \  w;  ^  <*v* 


integrating  by  parts 
(2.4) 


Jc"-p^(e\^-+c($7)  ]dx  90e*t0 


soro  as  k  +  0  . 


From  (2.2).  (2,3).  (2.4)  it  follows  that 

-2 

le  "q->  M(wx)  /  u<#dx  which  means  that  ^  - - - — kM(WX)u 

and  we  finally  get  the  limit  equation  (IV) . 

2.2.  Homogenixatlon  of  variational  problems  for  integral  functionals,  quadratic  in 
2 

(u.Du.D  u) . 

The  general  form  of  the  functionals  we  shall  study  in  this  paragraph  1st 


(2.5) 


32u  32u  r ,  32u  3u  .  r  32u 

aii  0  2  <■  2  3x  fcVj  2  U 

3x7  3x1  3e  3 *1  i  c  3xf 


i  "j 


-.<«*■/{** 


j 

where  all  coefficients  ave  Y-periodic,  the  (a^)  and  (d^)  uniformly  coercivet 


l  i  Md2 

I  V»53  '  ,k|! 

£  >  v  >  0 


<*« '  *n> 

Wij  -  a,!t 
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with  P  and  v  large  enough  in  order  the  Fr  to  be  uniformly  coercive  over  ll~ (  ), 

We  shall  not  give  a  complete  answer  to  the  problem  which  consists  knowing  if  the 

sequence  (F  )  converge  in  variational  sense  (in  r“(w  -  H2)  sense)  and  what  is  its 
'  C>0  0 

limit  equal  to.  We  shall  only  explain  on  simpler  situations  (Theorem  Theorem  4, 

Theorem  5)  how  to  deal  with  the  higher  order  terms. 

The  Euler  equation  corresponding  to  the  critical  points  of  the  functional  is  t 


<2-6>  i  *4  kj  -4)  ♦  I  4  L  4]  -  l  sir  k 

3x2  l  ijc  ax2-1  i,j  ax2  '  i3e  3xj'  i,j  3xj  ij 


]  - 1 k  ^4]  + 1 4  <*« 

1  14  ®x4  a*2i  a*2  «- 


a  U  -  (  du  \  .  3u 

+  l  C,  ”  l  r—  d..  -  i  r—  («.  u  )  +  j  e.  r~  +  f  u 

Ac  ax2  i,j  3xi  *•  «e  3xj'  9xi  AE  c  Ac  9xi  c  £ 


Theorem  3.  bet  u£  be  the  solution  of 


1 4  (*«  ■ 

i  axf  1  13  ax? 3 

*  w» 


f  on  ft 


Whsn  c  0,  U£  converge  weekly  in  H*(Q)  to  u  solution  of 


uu  * J  ’«  St5  *“*  "n  '  "Ki '  I  *kj  $) 


axjaxj  v  k  a*‘  * 

2  .  2  \ 

and  X1  satisfies  AX1  «  |  A(x2)  with  A  -  J  ±-  L  ±J  . 

i  ax2  <•  i3  ax2j 

X  i«  ¥-p«riodic  1  J 

w  *> 

Proof  of  Theorem  3.  The  (uj  are  bounded  in  H2(ft)»  let  u  - -~»u,  As  in 

c  C4o  0  *  c  *  Q 

the  second  order  problem,  let  us  introduce 


£‘  •  \  ^ ' 

t  2  2 

The  (f.)  are  bounded  in  L  (ft)j  we  can  extract  aubsequences  such  that  £,  - 1 

e>0  1 

The  problem  is  to  identify  the  Given  P  an  homogenous  polynomial  of  degree  two 

let  us  introduce  X  the  solution  of 


AX  *  A? 


X  is  Y-periodic 
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(2.8)  W  *  P  -  X  ; 

(2.7)';,  (2.8)  imply  that  A(e2w  )  «  0  and  r2w-  *  P  -  r.2x  P. 

*  t 

2  w 

1st  us  multiply  (V)e  by  t  mV  where  tf  *  £Q(ft)  and  integrate  over  fts 

(2.9)  M  /  u  e2w  ydx  +  /  l  C?  (f2w  w)dx  ■  /  fr2w,wdx  . 

ft  £  C  ft  i -  3x7  c  ft 


Let  us  look  to 


Ic  -  /  I  c[[~  (tV  )*  +  2  (c2w  )  +  c2w  —•] 

£  ft  i  lWL  c  3*i  c  3xi  c  Ox2-1 


! T  “  +  br.  +  cc  1 


be  ’  2  U  ^  l  I*'  ^  * 


ap  aw 


J  t  -Mf  <*x  , 
ft  1  3x2 


2 

■  /  l  —§•  [l  (e2w  )^]dx 

n  i  3x2  h  i3c  a*2  c  * 

“  /  uc[  £  ^a  kj  ‘Lj<*2"c>)*  + 
ft  H,j  axf 1  i3c  ax2  c' 


U  l  *W  ^ 

j  i.j  i3e»x  e  SxT 


2 

Sines  A(C  w  )  •  0  the  first  tom  of  the  second  member  is  equal  to  xoro  and  a.  reduces 


- >  y  Mfy  *  (L£. .  O.))  f  _2  i£_  in.  _  u  £i  ax 

,rr^  Hi  H*?  HU  ’» js-i  >*: 


A  i 

fa2p  aMl  ;  n2u 


i  *(i\1(H  -  4))  /  H 

j  '■k  x;,'3x2  3x2"  ft  3x2 


Going  to  the  limit  on  (2.9)  we  gets 
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<2.10) 


V  f  ulVdx  +  2  /  I?.  dx  +  f  I  E.P  — rr  dx 

ft  ft  1  3*i  a*i  ft  1  3x* 


j  lk  X3W  3x,  ft  3x7 


j  k  K  j 

On  the  other  hand  multiplying  (V)f  by  VP,  integrating  over  ft  and  going  to  the  limit 


we  geti 


(2.11) 


V  /  ulVdx  +  /  l  C.Ip  ^4  +  2  --  +  V  ~)dx  *  <f.*P)  . 

ft  ft  i  “  3x*  3  i  3  i  3x*' 


From  (2.10)  and  (2.11)  it  results: 


(2.12) 


Taking  P(x)  *>  |- x2! 


(2.13) 


the  limit  equation  is 


(2.14) 


ft  1  3x'  j  *k  :i3x^  3x^  a  to* 


h  « 1  «L  - 1  *kj  ^f)  & 

1  j  V  13  k  *3  3x7'  3x7 


k  "j 


r  u  r  32xl  ,3^U  , 

h  r«  ‘  £  **1  >,]>*] "  1 


n  3  u  3u 

let  us  now  describe  how  to  deal  with  the  terms  of  the  form  2,  b.  j  — r  r —  in  F 

l3c  3xf  E 

Theorem  4.  Given  (b5),..  Y-per iodic  functions,  let  us  define 

l-ri  nn_.i  j  ...rMnin  .n  J,  1*  1  f  %  e  «  ,  jl 


Pe(u)  *  /  j(Au)2  +  u|du|2  +  Au  l  bi 


When  e  goes  to  zero,  P  converge  in  I*  {w  -  |Q  sense  (m  is  taken  large  enough) 

w  u 


P0(U)  =  /  j(4u)2  4  p|du|2  -  l  ~  ^-Jds 


where  X  satisfies  j  AX  +  b..  -  M(bJ  =  0 


(X  is  Y-periodic  . 


■* . '- ^CTl. 

'■  v  -i 


^2 

Considering  the  Euler  equation  that  means,  that  for  any  f  *  H  ,  the  solution  uf  of 


(VI)  -  AV  -  uAu*  +  A' 

C  v  I 


3ft  \ 


^  <\  *•>  *  * 


converge  aa  t  ■*  0  to  the  aolution  u  of 


,2.. 


tvi) 


A2 u  -  uAu  +  £  MfAX^AX1)  -  f  on  Qi  u  t  H2(ft)  . 

1,3  *ii 


Proof  of  Theorem  4.  It  is  clear  that  for  V  large  enough  the  functional#  (F_)  are 
«  *  v>0 
convex,  uniformly  coercive  on  H2(ft)t  the  {usKsr.  solutions  of  the  corresponding 

0  '  v  -  N2 

Euler  equations  at  ay  bounded  in  j  let  uc  u  and  identify  u  a»  the 

solution  of  the  limit  equation  (VT) ,  The  only,  problem  is  to  compute  the  limit  in  weak 
tT1  of  the  sequence  -  £  ~~  (b,  Au  It  given  *  t  C**(ft)  us  consit*nr 

IJXj  1C  u 

l  r 


\  *  /  “  £  aT  {bi  AV*dx  "  II  h  Auf  jt 

t  n  uxi  t  «  a  i  \  *•  ®xi 


dx 


A 


and  introduce  X  solution  of  (2. IS) 


AX  +  bj  -  Htbj)  «  0 


x  Y-pertodic  . 

Such  X  -exists  sihee  M(b^  -  M(b^))  »  0.  We  can  now  write  I£  in  the  following  wayi 

t  'll 


n  i 


Jc  *  l  «tbi)  i  ~  f  l  A<e2X£)Au  dx  . 

c  i  4  ft  c  ft  i  4  c  Jxi 

The  first  term  of  the  second  member  clearly  converges  to  ]>  H(b.)  /  Au  ~~  dx.  bet 

i  4  ft  l  Xi 

u*  consider 

a  «  -/  l  a(c2xJ)Au  dx 
c  „  i  c  t  JXA 

and  integrate  by  part* 

’ll 


*  4"(  Ala^Jla*‘ 


and  using  that  u£  satisfies  (Vt)£ 


-  1 1  '*#  ‘  -S  *  \  %  W  -  4  \  fell  $ 


j 

*  ““V^)  *  K  *(gj)]*«  • 


/ 


After  reduction 


!  I  A‘[(?  4  “to« 4  \  s  - 1  a,y  s  * 2 1  °  v1!^)]  £ 

*  J°'aVb(i^)  *  “«  1  (*£)]*■  • 


When  C  goes  to  taro,  all  the  terras  but  one  90  to  seroi 


lira  J  ■  lira 
c-*Q  C  c-H) 


1/  55$  £-<*«/  t  “(^V1  toTfcT 

in  *1  ca  i  3  t  dV  i  n  t.3  3  j  dxi 


Finally, 


■c  »'V  /  *»  ^ ■>»  *  £  /  g- £-*, , 


that  i*  to  aayt 


•  I  (b,  Au  )  ■};--»  -  l  M(b  )  Au  •  J  Htx^Cb,))  ~-£~  . 

i  3xi  ie  c  {c  0>  i  Sxi  i.j  3  3xidxj 


{[  \  Sr)  *r£**(f  "(v  57)  ■  pibi>‘fe) 


the  limit  equation  iai 


2 

A2u  -  M&u  -  X  H(X^Ab^)  -  f  on  n»  u  e  H 2  (Si)  . 


We  remark  that 


-  -  4r  /  AxiAx3dx 


V  "  "  M 


and  that  u  Minimises  |  FQ  -  (£,•)*  with 


PQ(u)  -  /  j(Au)2  +  v|Du|2  -  l  M(AxW)  ^-~jdx  . 

a  i  3 


Let  ua  now  consider  the  last  type  of  higher  order  terms  that  appears  in 
Theorem  5.  Let  ua  consider  the  sequence  of  functionals  (Pf) 


P  (u)  -  J  ((Au)2  +  uu2  +  l  a.  u  ™}< 
n  *■  i  *c  3x7 3 
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iiiV' iii 


where  the  a.  are  Y-periodic  and  y  is  taken  large  enough  in  order  for  the  (f  > 

1  c  ft  >0 

2  -  2 
to  be  uniformly  coercive  on  Hgjft).  When  t  goes  to  zero,  F£  converge  in  F  (w  -  H~) 


sense  to  Fpt 


Fn(u)  »  /  {(Au)2  +  [Du | 2  -  ^  M((Ax)2)u2ldx 


where 


32a, 


A2X  +  2  — 7"  ”  °>  X  is  Y-periodie  . 

3x7 


Considering  the  Euler  equation  that  means  that  u  solution  oft 

,2 ' 


A 


(VII) 


a2uc  +  ^c  +  £~  (ai  V 


9*^  G 


converge  in  weak-H*  to  u  solution  of 

(vm  a2u  +  uu  -  MtAxnu  *  s  . 

Proof  of  Theorem  5.  The  proof  i*  just  slightly  different  from  the  one  of  the  model 

problem  (TV)  »  The  only  problem  is  to  compute  the  limit  of  the  sequence 
c 


(* 


3\ 

li  .  2 

C  Dx. 


C>0 


Let  us  introduce  X  solution  of 


D2a. 


(2.16) 


A2X  +  l  — ~  «  0 


3xT 


X  is  Y-periodic  . 


From  (2.16),  (2.1?) 


A 


(c2Xc)  +  |  ~  (Jj  )  i  0  i 


Dx^  f 


multiplying  (2.17)  by  V uc,  <f  *  C0(ft): 


(2.18) 


(2.19) 


/  A(e2X  )A(*u,)dx  +  /  l  a.  -*-=•  (cu  )dx  »  0  , 
ft  c  *■  ft  i  c  Dx* 


/  (AX)  (A^u  +  2tVDu  )dx  +  /  )vAu  dx 

ft  C  c  f  ft  £  c 

f^2  .  Du  tfD  u  1 

* ( ? “i  ri \ * fr sr * 

ft  i  evDx.  i  i  Dx.  1 

X  X 


-33- 


■Txarr 


Remark  7.  From  Theorem  5  one  can  refind  easily  the  result  of  the  model  problem  where 


F  lu)  ~  mu*  +  -  (6m)3  -  2(6X)  uftu  -  2{AX)  Joupdx 

*  q  «  a  €  V 


It  is  clear  that  the  contribution  of  the  last  term,  in  F  (w  ~  H*)  convergence,  ia  aero; 
so,  we  apply  Theorem  5,  with  a^  *  4X  and  get  the  result  of  Proposition  .2,  remarking 
that  M(WX)  *  -H(!AX>2). 

let  us  give  finally  the  following  example  which  is  relevant  of  the  some  type  of 
technics « 

Theorem  6.  let  <u  1  be  the  solutions  of  the  following  equations 
c  e->0 

(vm)c  MUC  4  Aaue  *  W 0  to  +  i  W  div  u  4  X«2  cuc  -  f  Oh  Oi  uc  *  hJ(0) 

p 

(we  take  u  large  enough)  where  the  W,.  (i  *  0,1,2)  are  Y-periodic  functions  with  aero 
mean  value, 

2 

When  c  goes  to  xera,  u^  converge  weakly  in  MQ (0)  to  u  solution  of 

(VitJ)  Mu  4  4Ju  +  h(W2(X2  -  div  Xlt4  AXQ) }u  *  f  on  0;  U  f 

where  X^^  is  a  solution  of  (2,23)  63X.  4  Wi  *  0 

X^  Y-periodic  . 

Proof  of  Theorem  6.  let  us  consider 


i  *  l  W0.CAVdHl  *{  *  /  £  \t*Lv  VdX'  J2  "  l  ^  W2,cVdX 

where  v  *  C*(»l)  end  compute  their  respective  limits  when  il-*0,  Ju3t  like  for  the 
model  problem,  one  cjpv  prove 


(2.24) 


»2  I  '"■**  ' 


let  us  consider  now  1^ 


■ .  lo  ■  /  V.avax  a  'c*  {  Axo,cAVdx  *■ 
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1**  *  -c4  /  AX  (A2u  ?  4-  2D(Au  )t¥  4  Au 
o  o,c  e  c 


-c2  /  (Sx0)t(J  -  »t  -  Vciue  -  i  *litdl»  »,  -  i  «1>C»,W 


-e2  /  (AXa)  |2D(Au  )Ey  +  Au  A*)dx  . 


When  c  goes  to  taro  we  see  that 


(2.25) 


)  I*  •*•  M(AXnW-)  /  usdx  . 

°  » 

Let  us  no  p  look  to  the  last  term  I^t 

if  ■■/”  W  div  u.Vdx  -  -c3  /  A2(X  Jdiv  uj;d*  , 
1  *•*  c  Q  1,c  c 

if  *  e3  /  uJA2(X,  Jdivy>  +  A2 (dlv  k,  _)^]dx  , 
x  o  e  x#c  A#e 


if  -  e3  /  A (X  } A (u  diwjdx  4  c3  /  A(div  X,  )A(u-0dx  *>  df  4  Hf  , 

x  ii. 


«•  c  /  (AXj) ^ (Aucdlv^  4  2DucD(diW)  4  ucdiv(A*))dx  0  ' 

Hf  -  c2  /  (div  X.)  A2u  *  4  AU  A*  4  2D(Au  )Of  4  Au  4  u/f  +  2Du.D(A*) 

1  o  ic[_ec  e  eg  c 

4  2D(Auc)IV  +  2DucD(A*)  +  A  £  D  D[^]]dx  * 


4  2D(Au  )IV  +  2Du D(A*)  4  4 
G  *• 


Using  that  u£  satisfies  (VIII)  we  get,  that 


(2.26)  Um  if  -  li»  «f  »  lim  /  e2(div  X.)  T-  u  lvdx  *  -M(div  X.W,)  /  wdx 

C-*0  1  C40  1  CH*  ft  1  '«■  E2  2'?  Cj  1  2  !■} 

rtoav  (2.24),  (2.25)  and  (2,26)  it  follows  that 

W0,c*\  +  K,cdiv  ue  +  7H2,Cue  r^0+MlW2(X2  -  div  X1  +  AX0>luo 


and  u  satisfies  (VIII) . 

2.3.  Energetic  interpretation  and  compactness  results  for  higher  order,  functionals. 

We  are  going  to  see  that  the  stability  results  we  got  in  the  preceding  paragraph 
are  relevant  of  general  compactness  theorems  for  the  family  of  functionals 

Fh(u)  =»  /  fjl(x,u,Du,D2u)dx 
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phtare  is  Oiratheodoty,  convex  continuous  in  (u,Du,D  u)  and  satisfies 

AQ|*P  <  fh(x,C.y,*)  1  Aq(1  +  ji  P  +  |yp  *  |?.p)  (p  -»  1) 

Theorem  7. .  Let 


f.  :  *n  x  *  x  *n  v  *2n  *  fc+ 
n 

(x»t,y,»)  *>  fh(x,£,y,x) 


be  a  sequence  of  convex  integrand*  satisfying 


(C) 


*  "  fh(x,C.y.s)  is  measurable 

(C,y«r>  **  f^fXtSjy,*)  is  convex  continuous 


ig<UP  +  |yP  +  IsP)  <  fh<x,C#y.*)  <,  A0U  +  |CP  +  ]yp  +  |*J°)  (p  >  1} 


With  such  an  integrand  f.  we  associate  the  functional  F,  : 

n  n 


Vft  open  bounded  set  in  »n,  Vu  t  W^(»n)  Fh(u,ft)  »  /  fh  (x,u  (x)  ,Du(x)  ,S?u(xi )dx 


n 


There  exists  a  subsequence  (h(kr)  )^tlJ  and  an  integrand  £,  still  satisfying  (C) , 
such  thatt 

V»  open  bounded  set  in  Vu  e  W2,p(ft)  P(u,ft)  *  JMw  -  W2,p(ft) )  lim  Fh  (u,ft) 


k*H®  k 


where,  F(u,ft)  ■  /  f (x,u,Du,D2u)dx  is  the  functional  associated  with  f. 


The  conclusion  still  holds  with  W2,p(ft)  instead  of  w?,p(ft). 

Proof  of  Theorem  7 .  The  proof  is  very  similar  to.  the  proof  of  Theorem  A  (fll).  so,  we 
shall  develop  essentially  the  parts  where  the  introduction  of  higher  order  terms  bring 
some  modifications. 


Step  1. 

Let  be  a  denumerable  rich  family  of  open  regular  sets  in  Kn  (by  regular 
Ve  mean  that  the  boundary  is  of  ze.ro  Lebesgue  measure) . 

3y  the  classical  abstract  compactness  theorem  of  Kuratowski,  and  using  a  diagonal ica 
tion  lewa,  we  can  extract  a  subsequence  (h(k)  ^  such  that! 

(2.27)  Vft  c  a  Vu  e  W?'P(*n)  T  (w  -  W2,P(ftp)  lim  F.  (u,ftl 

n  10C  k-H®  hk 

exists.  From  now  on  we  shall  write  P.  instead  of  F,  :  (2.27)  moans  that 


I 


'*(' >\*u,ft)  -  r"(w  -  W2,p}lim  inf  F  (u,ft) 

'«  K 

‘  ;  -  F"  (u,ft)  =  T  (w  -  W2,P)lim  sup  'F,  (u,ft)  . 

-  K- 

Since  F'  dnd  F"  ate  increasing’  functions  of  f )■  and  B  is  rich,  we  get: 

.  *  n 

Vu  e  W2'p(Kn)  Vft  open  bounded  set  in  3Rn  H\u,ft)  «  Sup  F1  (u,w)  =  Sup  F"(u.w)  . 

,  .-wen  wca- 


Step  2.  •  '  .  , 

)  ,  v  1 

ft  •*  H(u,ft)  is  the  restriction  to  open  bounded  sets  of  a  tegular  Borel  measure. 
Since  H(u,*)  is  an  increasing,  inner  regular  function  of  fl  wo  .have  just  to  prove 
that  it  is  additive  and  subadditive. 

Clearly  51  F'(u,ft)  is  superadditivej  the  conclusion  will  follow  from; 

ft  <♦  FM(u,ft)  is  subadditive  .on  B  • 

n 

Wl'n2  *  V  Vu  *  Wloc(3Rn)  FM<u'ftiU  V  iF"<u'n1)  +  F"(u,ft2);  . 


I  .  •  „  *r 

'i  -  i  ¥ 


Noticing  that 

ftx  u  n2  .  nx  U  (ft^\ft1)  3  ftx  u  <ft2\n^) 

and  measiftj  hi  (i^)\  U  (ft^ft^)  is  equal  to  zero,  we  reduce  proving  that:  Vw^.w^ft 
open  bounded  sets  such  that 


we  have: 


ft  2'Vj  hhw meas(ft\ (w^  U  w2>)  =  0 


Vu  «  W2;P<*")  F" (u,ft)  <  F'Mu^)  +  F"(u,w2)  . 

Let  us  introduce 


A  =  ft\  (w^  U  w^) 


I;,,  -  (by  .hypothesis  aeas(A)  «  0)  and 

[  Ir(A)  =  {x  «  Rn/dist(x,A)  <  r)  . 

l  By  Ur isohn's  lemma,  there  exist  $  regular  (here  we  need  f  e  C2)  such  that: 

f, 

^ '  •  if  ~  X  on  1^.(6)  and  o  =  0  outside  of  (A)  . 

r  ■  ■  ‘ 

•T  ,  »  2 

L  (From  f  Lxpschitz,  one  can  get  .<?  t  C  by  regularization  by  convolution,  noticing 

that  the  .thickness  of  12r^Ir  strictly  .positive. ) 
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hy  definition  thoiv  es-lsM 


t  W  -  1 

M*  «■**-- . *  V-U  mlotl  M 


tJUrtl 

U't.  u*  ileFiimt 


l'*lU.W^  -  lt»  K\>1'  I'j,  (u^t  fit  *  1,21  » 


I  (V  -  vh\*  t-  v‘\i  on  v( 


vk  ■>  j  n  on  l  v  t Ai 


U  “  ^jujj  t  on  . 


>  v.  *  u  in  t.'’(«)  >  let-  tm  prove  that 1 

BUI'  *  •»«'  » 

k 

ffoti  thw  \mi tom  of  vh»  ami  Mu»  d«f4nltUm  of  th&i  viU  JtopXyi 

V  K 

vyj^  •J'-"*-*'-  V\  €UU\ 

i'"  Until  •.  liw  sup  t\,(v.  ,U)  * 
k-M**  K  K 

In  fact.  let  ut*  prove  title  ine«ivialit.y  in  tu,  0  *  l:  v  ){ 

VlVn  ”  t  I  rk|s'iu  *  v'luk  '  '  hMV"  ‘  ilV(u  “ 

t  tv'n'u  t  H»Amu  *  »*)  t  t[^  (u  -  wj>  ^  j~  W  *  \>]  b  ' 


tty  convexity  or  we  got. 


IV U-.v.  ,<n  '  }"  /  fb(5<,u^.lHi^,tvVKtK  t  /  r.U.vnOtnl'Atktx 
K  K  i~\  v,  K  K  K  tn,.tM  K 


VA> 


•'  {l  “  '''  |  fk(s*"'lVt  IVtw-uJ), 

•  i; ("  “  <'  5;; •  i?t  4  ttt  “  ^])d* 1 

liv'itw  to  the  UwU:  nni',  as  k  *  amt  us l ms  l2.2tti  ami  tot  w  uct  t 


liw  Btiv  rvmvui)  -  K’Hu.vU  »  r''unw\)  i  a  /  ti  *•  ju|l>  +  |t?u|4‘  t  JiV\ipWx 
k*i  «  k  K  1  *  l  ,  t,\l 

v.r 

v  ill-  t  l' 

*  A, (1  *  ft  }  ttw  «ui'  f  1  »  .  '■•  ).v(u  -  uj 

"  l-l  k  n»  wt  *l  ‘  v  k 

*■  it '  b  |i^(u  -  \v»  *  4* (u  *  4>  ^  ^  4  (« *  «*>  &-J**  * 


Sine*  uf  converge  weekly  to  u  in  W2>p(Wj,l,  it  converges  strongly  in 


which  implies t 


litn  Sup  F.  (tv.,ft)  <  FMu.w,)  -t  F"(u*WJ  +  L|  (1  +  lui1'^  |dvi  1p  +•  jd^uihdx 

w-»i.4>  R  *  “  1  *  u  v 


at(&) 


+  (1  -  t)  An  /  d#  . 

0  n 


Therefore, 


and 


w  *  w* 

lim  sup  r.  (tv.  ,n)  <  +«,  tvv  - — " — tu 

k+t*  *  *  K 


FM(tU,ft)  <_  lim  BUp  F)((tv),(n)  <  FM(u,Wj)  +  F"(u*w2) 

k’H4* 

+  A  /  U  +  |u|p  +  |du|v'  4-  ld2u|p)dx  4-  U  -  tU  /  dx  , 

U  r  v  ? 

X2  tXt)  U 

V 

Making  t  go  to  aero,  t  go  to  one,  ahd  uaing  tha  lower  semicontinuity  of  u  t*  FM(tt»ill 
we  finally  gait 


Step  i. 


F'*(u,m  iFMu.V^  4-  F"tU,>*a)  > 

H(u,m  «  r'(w  -  ♦i2,p(«)Uim  f.  tu,n)  « 


Wa  hava  just  to  prove  that 


F"(u(m  <  «u»m  <  r‘(u»m  , 

The  right  inequality  la  evidahti  tha  left  one  ia  a  Bttaight-forward  consequence  of  the 
a tap  2. 

Given  i  >  0,  let  w£  C  w,  wf  regular  auch  that  meaa((!\wc)  <  c>  by  the  preceding 
argument 

F”(u,ft)  <  r**(u*Wc)  4  FMu.nVvTj 

<  H(u,fl)  4-  A.  (  __  (1  +  |u|P  t  Itiup  +  |&2u|p)dx  , 
nVwe  > 

Making  c  go  to  aero,  Ve  get  FM(a,Sl)  <_M{u»rt)» 
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Step  4. 


Let  us  prove  that  there  exists  f  <  (C)  such  that 

Vu  «  W?'PORn)  VO  bounded  open  set  in  JRn,  F (u tn>  ®  /  C(x,u  (x)  ,t>u(x)  ,B2u(x)  lax  . 
IOC 

From  (C) ,  Vu  «  W2^P!3Rn)  v0  bounded  open  set  in 

0  <  F(u,fl)  <  A Q  /  {1  +  |u|p  +  |Dujp  +  |D2u|p)dx  . 


It  follows  that  the  measure  V(  -►  F(u,ft)  is  absolutely  continuous  with  respect  to  the 
measure  of  density  (1  +  |u|p  +  |du|p  +  |D2u|p)dx.  By  Radon-Nikodym  theorem*  for  any 

2  „  jj 

u  t  W^p(»n)  there  exists  a  locally  integrable  function  f  such  that! 

Vfi  opon  bounded  Set  in  ltn,  Flu, SI)  "  /  f  (x)dx  . 

A  U 


Given  xQ  in  JR ,  let  us  consider  the  function 

V.y,*  '■  x  *  «  +  I  (*i  ■  \]h  +  I  iXJ  \){\  "  x0j)(xj  •  x0j'  * 

There  exists  a  function  f  .  ...  such  that 

Xq 

Vft  open  bounded  set  in  Rn*  F(X  .  .  ,Q)  °>  /  f  ,  „  (x)dx  . 

x0'5,y'  n  x0*£,y *z 

Let  us  prove  that 

Vu  i  W?,p(»n)*  Vfl  open  bounded  set*  F(u,SS)  *  /  f  2  (x)dx 

ioc  0  x*utx),Du(x),D  u(x> 


that  is  to  say 

f  Ul  ■  f  2  (x)  *  f  tx,u(x)  ;Du(x)  ,t>2u(xl)  . 

x,u(x)  ,Du(x)  ,D  u(x) 

Clearly*  by  a  continuity  argument,  wo  can  reduce  taking  u  e  C20r°). 

Let  us  take  xQ  a  Lebesguo  point  of  fu  and  lot  us  design  by  B(Xq,P)  the  open 
ball  in  Itn  of  center  xQ  and  radius  p  >  0.  From  (C) 

Wf  w}*(*n>  Vp  >  0,  0  <  F(v,B(xft*p})  <  An(l  -t  ||v||p  )  . 

100  0  °  K2,p(B(x0*p>> 

Since  v  f(v,SD  is  convex  it  follows  classically  that  there  exist  a  constant  C  '  0 

such  that 
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Vu,v  *  W^(r”>  Vp  >  l'  }jp(u(ft(x0,p>)  -  Ktv.JMx^pV)) 


<c|lu-v||  “ '  ll«ltl'a,»  *  IMIri.„  ,  ,1  • 

«‘t,p(»(x0,pn  w',,i>{B(x0,pn  w"fl  m(*0,pn 


Vu.v  <  w^op<’IR,^  VQ  <  0,11  ”  F (V»B(Xq*P)  )  ( 


c||u-v|| 


d  +  |u 


+  V 


) 


Let  u*  apply  thi*  inequality  with  u  and  v  «  X 


Vp  0  <  p  < 


•*k 


X0,U(X0),Du(K0)»6  U{Xp) 


B(XqiP) 


f  W-f  ,  <x)dx  <C 

xQ,u(xQ)  ,Du<xQ)  ,O*u(x0)  ' 


B(x0*p) 


+  |du(x)  -DX(x)|P  +  jo2u(x)  -D2X{x)  pdx 


ft 


II  * 

W*,l(B(xQ,ll) 


/  |u(x)-X(x)|p 

>pl 

4  \m*. 


w2,p(B<x0a>) 


Wo  divide  thia  inequality  by  {b  (xQ« p)  |  and,  make  p  go  to  aero.  Since  u  ia  in 

* 

Um  iSTTITT  1/  IV«  -  * 
p*o  r(xo,0)l  'b(x.,p)  x 


C2^)  and  X(x0)  ■  u{xQ),  DX(xQ)  w  Du(xQ),  d2x(xq>  »  D2u(xq)  we  got 


x0 ,  u  (xQ) « Ou  (xQ) ,  Du  <XQ) 


(x))dx  «*  0  . 


Since  x_  ia  a  Lebeague  point  of  £  ,  we  finally  obtain 


f  (v  )  •»  f 

Vo' 


2..,..  ,  (V  * 


Step  5. 


xQ,u(x0),Du<xQ),D  u(xq) 


P(u,m  -  Mw  -  W2,p(Q))lim  l'h  tu.Sl)  . 


We  adapt  the  classical  proof  which  consists  multiplying  u  by  a  function  V  regular, 
equal  to  aero  near  the  boundary,  using  the  same  type  of  argument  as  in  Step  2. 

Remark  8.  It  ia  clear  that  thia  demonstration  can  be  straightforward  extended  to  func¬ 
tional*  of  any  orders  Wo  restricted  ourselves  to  functionals  of  order  two  only  to 
simplify  the  notations. 

let  us  now  give  the  proof  of  the  homogenisation  formula  for  the  functionals 

P  (U>  *  /  f<~,  02u)dx 
c  a  c 
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2 

where  £  is  periodic  in  >1,  convex,  continuous,  coercive  with  respect  to  D  u,  Since 
the  argument  is  close  to  the  one  developed  in  (3)  we  shall  just  sketch  the  proof  and 
develop  the  modifications  that  the  introduction  of  higher  order  terms  bring*! 

Theorem  8.  het 

F.(u)  *  /  f(£,  D2u(x))dx 

e  a 

where  f  is  Y-periodic  in  x,  convex  continuous  in  *  #  *  and  satisfies! 

A01*1P  <£(x,z\  <.  AQ(1  +  |*|P)  (p  >  1)  . 

^  2  pi 

When  e  goes  to  tero  F^  converges  in  r  (w  -  w0'K(ft))  sense  to  Pgi 

Fq(u5  -  /  f0(P2u(x))dx 


with 


v«> 


Min 
ufW2,p 


1*1 


/  f(x,D2u(x)  +  x)dx 


. 


Proof  of  Theorem  8,  Step  1 . 

From  the  compactness  Theorem  7,  we  can  extract  a  subsequence  (c.)  and  find 

K  k*  H 

an  integrand  fQ  such  that  for  every  il  open  bounded  set  in  »n  and  u  in  w2^(Kn) , 

r>  -  W2,p(im  limP  (U.rt)  «  F..(n,fl) 

k>H«  ck 


with 


p0(u,in  -  /  r0(x,D2u(x))dx 


(it  is  clear  that  f^  does  not  depend  on  u  and  Du,  since 
0  v  fQ(x.r,,y,x)  <  A^ll  +  |ap)  and  (£,y)  »*•  f0(x,C,y,a)  is  convex). 

The  convergence  result  will  follow  from  the  identification  of  fQ, 

Step  2, 

is  independent  of  x. 

The  idea  is  the  same  as  the  one  developed  in  Proposition  Is  lot  us  see  how  to  extend 
it  simply  to  the  most  general  case  whore 
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F  (u)  *  J  t u,Du,...,DUu)dx 

e  n  e 

(for  simplicity  of  notations  1st  u*  taka  v  *  2) , 

From  ths  proof  of  Theorem  7 

v**  t  v  _»  )  *  /  *  (x.ix.C.y.xldx 

whsrs 

l 


\.C.y.»w'  "  c  +  <y'x  '  V  +  I  <  *'x  *  Vx  "  xi> 


and 


f0(u*fl)  »  /  f0(x,u,pu,Dau)dx  with  f0(x,C#y.x)  *  f(x,x,£,y.*)  . 
tst  x^,  x1#x2  b*  fixsd  in  *"  and  n£  aueh  that  <,  x*  <  (h*  4  Uty  Ut 

u  »sj£±9m.+ 


Xj.C.y.a 


.  _  and 


\\m  **U>  »  -  Vc  *  *2  ■ 

VVm  ‘  Li.  !(t’  V"  ■  «{v  "V* '  ”k‘k’'  ’  "kV>to 


n+nk£k  K 


Taft  ut  txttnd  uc  {>  -  to  ft  4  tnd  bt  tht  txttntion  such  th*tv 

'W’01  '  VV<*  *  V*  JT^*°  * 

Sine*  v  converges  to  X  .  (•  -xn)  in  w  -  W2,p(ft  +  xJ , 

t  v)  u 

VV.C.y,.**  “V*Yt  +  xo  *  V  rtv(vk'Yc  +  *2  +  V 

<_  lim  inf  F  (u  .Y  +  x,) 
k*4«  k  ek  c  2 

i  Fn(x»  r  v  ,'YP  +  V  “ 

~  0  x^t.y.r  e  2 


So. 


iy  t  /  «  .Xy  (x,£,y,s)dx  ^  |y  j  |  fv  (x»£»y,r)dx 

« d  vc+x0+k2  x0  xl  IV  Y(.+x2  xl 


Making  e  go  to  rero,  We  get 


44- 


<15- 


Let  us  call 


Mv.  ”  Min  T~r  /  f  (hx.02u(x)  +  z)dx 
uf  wy  l'*l  y 

and  let  u^  be  a  minimising  point}  lot  u*  prove  first  that; 
a)  Mj  >  Mh  . 

Let  us  define 

u(x)  »  u^(hx) 


and  let  ua  extend  it  to  Y  by  periodicity. 


yyy  /  f  (hx,D^u  +  z)dx  “  y^y  /  f (hx,D2u, (hx)  +  *)dx 
rl  y  1*1  y  •*■ 


-yr  yny  /  f  (x,d2u  (x)  +  z)dx 
h  rlhY 


and  since  u^  ie  Y-periodic 


yr  /  f (x,D2Uj (x)  +  *)dx  «  Mx 


lYl 


Since  u  is  Y-per iodic 
b)  MhiM1  . 

Let  be  a  solution  of  and 


h-1 


vh(x)  *  „ 

hn  (ij-'-V*0 


1  +  h  '**’,xn+  * 


1  »  2  x 

Clearly  is  y  Y-per iodic,  so  u(x)  *  h  vh(y)  is  Y-periodic. 


-j~j-  /  f(x,02u(x)  +  2)dx  *  /  f  (x,D2V|^(~)  +  z)dx 


Y 

|yyhn  /  f  (hx.D'V^tx)  +  z)dx 
hY. 


and 


since  is  ~  Y-periodic 


*  y~r  /  f(hx,D2vh(x)  +  z)dx  , 
*  l  Y  » 


h-1 

l 


1 

m 


/«[■ 


hx,D2u. 


(xl  + 


,X2  *  TT 


by  convexity 


i .  i,  A  TvT  / . f(h*  -  i'°2uh(x* 


hn  a  -..-a  -o  1*1  a 

1  n  Y+h 


+  z)dx 


<  t|t  /  f.(hx,D2uh<x)  +  2)dx  *  . 


Therefore  !L  <  '!.  and  the  conclusion  follows. 
1  ~  h 


!  nj 
!  ■  1 


t  *  % 

i  <: 


-47- 


.REFERENCES 

UJ  H.  At touch,  Sur  la  f  Convergence  -  Se»ihaire)Sreaia~tionS,  College  de  Fmc« 
(Fevrier  79) ,  -  , 

12)  A.  Bensaou ttan,  Jv  E.  Cions ,  and  G.'  Papanicoiau,  Asymptotic  analysis  for  periodic 
structure.  NOrth  Holland,  Studies  in  Mat.  and  Applications. 

(3)  U.  Carbone  and  C.  Sbordone,  Some  properties  of  r-limitf  of  integral  functionals, 
Ann,  Hat.  pure.  Appli.  (to  appear),. 

(4) .  E.  do  Giorgi,  Convergence  problems  for  functionals  and  operators,  Proceedings  of 

Home.  Honlihear  Analysis  (Mai  1978)  "Pitagora  Editrice''  (Bolboha) . 

IS)  P.  Marceliini  and  C.  Sbordone,  Duaiita  e  perturbation*  di  funaionaii  integral!, 
Ricorcho  di  Matematica,  Veil.  XXVI,  197?,  faacicolo  2. 


HA/*cr 


^40- 


»eCUWITYCLASSIFICAttONOPTH)S:PAGE  (When  DetuEntered)  ....  .  .  . 

,  REPORT  bOCUMENTATION  PAGE  |  BEFORE^^PLETWG^ORM 

•RfcpORT^HUMBER  '  |2.  GOVT  ACCESSION  NO.  3.  RECIPIENT'S  CATALOG  NUMBER 


T.-  .REPORT  NUMBER "  '  '  2.  GOVT  ACCESSION  Nl 

....  1989;,  . -  . - . 

4.  TITLE  rend  Subtitle)  * 

JpRGETlC  .APPROACH  TO  HOMOGENIZATION  PROBLEMS 

"with  rapidly  oscillating  Potentials  . 


5.  TYPE  OF  REPORT  4  PERIOO  COVERED 

Summary  Report  ~  no  specific 
reporting  period _ _ 

6.  PERFORMING  ORG.  REPORT  NUMBER 


17.  AUTMORf*; 


Attouch 


(.  CONTRACT  OR  GRANT  NUMBERS 


iDAAG29-75-C,#&4 


IB.  PERFORMING  ORGANIZATION  NAME  ANO  ADDRESS  <0.  PROGRAM  ELJEMENT.  PROJECT.  TASK 

’  ,  .  .  TY  J  •  *  -  AREA  k  WORK  UNIT  NUMBERS 

Mathematics  Research  Center,  University  or  Work  Unit  Number  l  - 

610  Walnut  Street  Wisconsin  Applied  Analysis 

Madison.  Wisconsin  53706  _ —  -  ■  ■  _ 

“  CONTROLLING  OFFICE  NAME  ANO  AODRESS 7  JV REPORT  DATE 

U.  S-.  Army  Research  Office  f  y  f_  j  ^ 

P.O.  Box  12211  V  ^frfrowRFR  rf  R*iig 

Research  Triangle  Park.  North  Carolina  27709  _ 48  _ 

14.  M^NlfbWlN&'AaCNCY  NAME  4  AOORCSSflf  MfoUOTSSm  Coot  toll  Ink  Ol/ice)  U.  SECURITY  CLASS.  (o(  tble  report) 

- /  UNCLASSIFIED 

(  -Z'  O  JL  /  is».  declassification/1  downgrading 

V  schedule 

4b.  DISTRIBUTION  STATEMENT  (e/thle  Report) 

Approved  for  public  release;  distribution  unlimited. 


lV  REPORT  DATE 


2,1  TOo  \\{\ [  c<s  \  Su  vn  /  tC-fit# 


17.  DISTRIBUTION  STATEMENT  (ol  tbe  obetroct  entered  In  Hock  30,  II  tttUorent  Item  Report; 


I  IB.  SUPPLEMENTARY  NOTES 


IB.  KEY  WORDS /CoAtlnuo  on  reveeee  elde  II  neceeem y  on d  Identity  by  block  number) 

Linear  and  nonlinear  partial  differential  equations 
Calculus  of  variation 
Homogenization  theory 
T-convergence 

20.  ABSTRACT  (Continue  on  rereree  elde  It  neceeeo ry  end  Identity  by  block  number) 

We  show  that  many#  a  priori  distinct#  problems  of  homogenization  including 
the  case  of  rapidly  oscillating  potentials  (cf.  Benssoussan,  J.  L.  Lions  and 
Papanicolau  [2J),  can  be  studied,  and  the  limit  problem  computed,  in  a 
unified  way,  through  general  compactness  and  convergence  results  for 
sequences  of  functionals  of  calculus  of  variations.  The  convergence  notion  is 
.  taken  in  variational  sense,  more  precisely  we  use  the  notion  of  T-convergence 
introduced  by  De-Giorgi  [4] . 


FORM 
I  JAN  73. 


r3  EDITION  OF  I  NOV  4S  IS  OBSOLETE 

\2CO 


UNCLASSIFIED  _ 

SECURITY  CLASStFICATION  OF  THIS  PAGE  (BMP  Pal*  E»««r*d; 


